In this paper we obtain an explicit formula for the number of curves in a compact complex surface X (passing through the right number of generic points), that has up to one node and one singularity of codimension k, provided the total codimension is at most 7. We use a classical fact from differential topology: the number of zeros of a generic smooth section of a vector bundle V over M , counted with signs, is the Euler class of V evaluated on the fundamental class of M .
Introduction
Enumeration of singular curves in P 2 (complex projective space) is a classical problem in algebraic geometry. A more general class of enumerative problem is as follows: Question 1.1. Let L −→ X be a holomorphic line bundle over a compact complex surface and D := PH 0 (X, L) ≈ P δ L be the space of non zero holomorphic sections up to scaling. What is N (A δ 1 X), the number of curves in X, that belong to the linear system H 0 (X, L), passing through δ L − (k + δ) generic points and having δ distinct nodes and one singularity of type X, where k is the codimension of the singularity? a
The main result of this paper (cf. Theorem 1.5 and Theorem 1.6) is as follows:
Main Theorem 1.2. If δ ≤ 1 and δ + k ≤ 7, then we obtain an explicit formula for N (A δ 1 X), provided L −→ X is sufficiently ample.
a By codimension we mean the number of conditions having that particular singularity imposes on the space of curves. For example, a node is a codimension one singularity, a cusp is a codimesnion two singularity, a taconde is a codimension three singularity and so on.
Before giving the formulas for N (A δ 1 X), let us make a few definitions. Definition 1.3. Let L −→ X be a holomorphic line bundle over a complex surface and and f ∈ H 0 (X, L) a holomorphic section. A point q ∈ f −1 (0) is of singularity type A k , D k , E 6 , E 7 , E 8 or X 8 if there exists a coordinate system (x, y) : (U , q) −→ (C 2 , 0) such that f −1 (0) ∩ U is given by The following two theorems are the main results of this paper:
Theorem 1.5. Let X be a two dimensional compact complex manifold and L −→ X a holomorphic line bundle. Let
= c 1 (L) and
where c i denotes the i th Chern class. Denote N (X) to be the number of curves in X, that belong to the linear system H 0 (X, L), passing through δ L − k generic points and having a singularity of type X, where k is the codimension of the singularity X. Then N (A 1 ) = 3c provided L is sufficiently C X -ample, where
Theorem 1.6. Let X be a two dimensional compact complex manifold and L −→ X a holomorphic line bundle. Let
where c i denotes the i th Chern class. Denote N (A 1 X) to be the number of curves in X, that belong to the linear system H 0 (X, L), passing through δ L − (k + 1) generic points and having one simple node and one singularity of type X, where k is the codimension of the singularity X. Then
provided L is sufficiently C A 1 X -ample, where C A 1 X := 2 + C X . Remark 1.7. In the formulas presented in Theorems 1.5 and 1.6, if there is a degree four cohomology class, we mean the cohomology class evaluated on the fundamental class [X]. When there is a degree eight cohomology class, we mean the cohomology class evaluated on [X × X].
A description of the method used in this paper
Let us first recall the results of our earlier papers. In [1] and [3] , we prove the special cases of Theorems 1.5 and 1.6 respectively when X := P 2 and L := γ * d P 2 . In [10] , we obtain the first three formulas presented in Theorem 1.5. b
We will now give a description of the method we use to obtain the enumerative formulas presented in this paper. Our goal is to enumerate curves in a linear system, passing through the right number of generic points, with certain singularities. A curve having a singularity implies that a certain derivative is zero. We interpret this derivative as the section of some vector bundle. If this section is transverse to the zero set, our desired number is the Euler class of the vector bundle. Computing the Euler class is completely elementary via the splitting principle.
However, it turns out that there is a subtlety involved very soon in this process. One may look at a simple example to understand what is going on. Consider the complex polynomial
and let us ask what is n, i.e., n := {z ∈ C : f (z) = 0, z = 0} = ?
A first guess would be 8 by looking at the degree of f . However, this answer is incorrect because f vanishes when z = 0. We need to compute the contribution of f to its degree from the point z = 0.
To compute this contribution, we smoothly perturb the function f and count (with a sign) how many zeros are there in a small neighborhood of z = 0, i.e., we count the signed number of solutions of
where ν is a small generic perturbation (i.e., the C 0 -norm of ν is small) and ǫ is sufficiently small. This number is 5.
To return to our main discussion of enumerating curves with a singularity, it turns out that once the singularity becomes too degenerate, or we allow the curve to have more than one singular point, the Euler class counts too much. There is a boundary contribution which we have to subtract off from the Euler class. This part is highly non-trivial and challenging.
In [15] , [1] and [3] the authors carry out this topological method and obtain the special cases of Theorems 1.5 and 1.6 respectively when X := P 2 and L := γ * d P 2 (when d is sufficiently high). The bound on d is required to ensure that the relevant sections are transverse to the zero set. It may seem that one of the potential difficulties of generalizing the formulas to any arbitrary line bundle L −→ X is that we do not know if these sections are going to be transverse to the zero set. As it turns out there is a very simple criteria to guarantee transversality; if the line bundle is sufficiently ample, then the relevant sections are going to be transverse. Once transversality is achieved, the arguments given in [1] and [3] apply immediately to the more general setup of considering curves in a linear system. As a result, we obtain these formulas in terms of Chern classes.
Organization of this paper
We now describe the basic organization of this paper. As explained in section 2, the two main aspects of applying our method is: proving transversality and computing the boundary contribution to the Euler class. Towards showing transversality, in [1] , [3] and [2] , we give a rigorous proof of why the relevant sections are transverse in the special case when X := P 2 and L := γ * d P 2 (provided d is sufficiently large). In [10] , the author shows that in the more general setup, the relevant sections that arise during the computations of N (A 1 ), N (A 2 ) and N (A 3 ) are also going to be transverse provided the line bundle is sufficiently ample. Moreover, the argument that was employed was essentially mimicking the arguments employed in the case of projective space. In particular, it is easy to see that once the line bundle is sufficiently ample, all the arguments presented in [2] to prove transversality can be mimicked for the more general setup of L −→ X. Hence, we have decided to omit the proof of why the relevant sections are transverse from this paper. The reader can can refer to [2] and [10] to see why transversality holds.
We next discuss the more crucial aspect of computing the boundary contribution to the Euler class. As we explained in section 2, the boundary contribution was computed rigorously in [1] and [3] for the special case of the projective space. A little bit of thought shows that as long as the relevant sections are transverse to the zero set, exactly the same arguments apply to the more general setup of L −→ X to compute the boundary contribution. Hence, we omit the proof of how we obtain the multiplicities from each boundary component; we explicitly state the multiplicities and show how to obtain the final formula. The reader can can refer to [1] and [3] to see how those multiplicities were actually obtained.
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A survey of related results in Enumerative Geometry
We now give a brief survey of related results in this area of mathematics, namely Enumerative Geometry of Singular Curves and Hypersurfaces. We start by looking at the results of M. Kazarian. We should mention at the outset that although we are not completely certain, we believe it is very likely that by applying the methods described in [6] , the results of Theorem 1.5 and Theorem 1.6 can be recovered. However, Kazarian's methods are completely different from ours. Furthermore, we believe that our method complements his method very well, since each method has its own advantages and disadvantages.
Let us now explain the method of M.Kazarian. His method works on the principle that there exists a universal formula for these enumerative numbers in terms of the Chern classes. He then goes on to consider enough special cases to find out what that exact combination is. c One of the difficulties of this method is to prove the existence of such a universal formula. We also believe it is usually difficult to think of enough special cases in a given situation. However, this method has been successfully applied in many situations and in particular we believe it recovers our results.
The reader who has read section 2 will see immediately that this method is completely different from ours; we do not make any assumption that there is a universal formula in terms of Chern classes. Aside from the results of Kazarian, the rest of the results in this field are either special cases of Theorems 1.5 and 1.6 or a completely different class of enumerative problems.
Let us look at the results of Dmitry Kerner. In his paper [7] , Kerner considers the special case of Theorem 1.5, when X := P 2 and L := γ * d P 2 . Our results are consistent with his in this special case. Kerner also considers in his paper [9] the special cases of Theorem 1.6, when X := P 2 and L := γ * d P m and obtains three of the formulas we have stated in Theorem 1.6; a formula for
The crucial difference between the results of Kazarian and our results and those obtained in [7] , [8] and [9] is that the author there obtains results only for the special case of the linear system γ * d P 2 −→ P 2 , while Kazarian and our results are for any linear system L −→ X that is sufficiently ample.
Next, let us look at the results of I.Vainsencher. He considers a different class of enumerative problems (with the exception of N (A 1 ) and N (A 2 ); our results are consistent with his). In his paper [14] , Vainsencher considers a general linear system L −→ X and enumerates curves that have up to six nodes. He also obtains a formula for N (A 2 ) in his paper [13] .
Next, let us look at the results S.Klienman and R.Piene. They do obtain few of the formulas we have obtained in Theorems 1.5 and 1.6; namely
Our results are consistent with theirs. They also study a different class of enumerative questions, namely enumerating curves that have up to eight simple nodes, or one triple point and up to four simple nodes, or one D 6 node and up to two simple nodes. Our results are of a different nature from theirs; in Theorems 1.5, 1.6 we enumerate curves with up to one node and one arbitrarily degenerate singularity (till a total codimension of seven).
Finally, we note that in their papers [12] , [11] and [5] , Z. Ran, L.Caporasso and J.Harris have obtained a formula for the number of degree d-curves in P 2 (through the right number of generic points) having δ-nodes, for any δ. However, their results are only for P 2 . Moreover, the allowed singularities in their cases are simple nodes and not anything more degenerate.
To summarize, aside from the results of Kazarian, all the other results are either special cases of Theorems 1.5 and 1.6 or are enumerative results of a different nature. Our method is completely different from that of Kazarian and complements it very well. Moreover, our method has the potential to go much further beyond codimension seven (just like the method of Kazarian has the potential to go a lot further).
Topological computations: one singular point
In this section we will give a proof of Theorem 1.5. Let us first set up some notation. Given a singularity X let us define the following spaces
f has a signularity of type X at q},
Next, if X is a codimension k singularity, we define the following two numbers
where
We will now give a series of formulas to compute N (A 1 , n 1 , m 1 , m 2 ) and N (PX, n 1 , m 1 , m 2 , θ). Note that N (A 1 ) = N (A 1 , 0, 0, 0). In order to compute the remaining N (X) we do the following: if X is anything other than D 4 , then we observe that
. Note that, Propositions 5.2 to 5.14 and Propositions 6.1 to 6.11 give recursive formulas to compute N (X) and N (A 1 X). We wrote a Mathematica program to obtain the final formulas given in Theorem 1.5 and 1.6. The program can be obtained from our homepage https://www.sites.google.com/site/ritwik371/home.
Before we prove Theorem 1.5, we also need to define the following spaces; they will come up during the course of our computations:
We will use the following fact from differential topology (cf. We are now ready to prove Theorem 1.5. It is to be understood that Propositions 5.2 to 5.14 and Propositions 6.1 to 6.11 are true provided L is appropriately ample (as stated in Theorems 1.5 and 1.6).
Proof: Let µ be a generic pseudocycle representing the homology class Poincaré dual to
We now define sections of the following two bundles
In [10] we show that if L is sufficiently 2-ample, then these sections are transverse to the zero set. Hence
Equation (3) and the Splitting Principle, imply (1).
We now define a section of the following bundle
In [10] we show that if L is sufficiently 3-ample, then this section is transverse to the zero set. Hence
Equation (5), the Splitting Principle and the ring structure of H * (PT X) imply (4).
In [10] we show that if L is sufficiently 4-ample, then this section is transverse to the zero set. Hence
which gives us (6).
It is shown in [1] that
If L is sufficiently 3-ample, then this section vanishes on PD 4 ∩ µ transversally. Moreover, it does not vanish on PA 4 ∩ µ. Since µ is generic, we conclude that PA 4 ∩ µ = PA 4 ∩ µ; hence this section does not vanish on PA 4 ∩ µ. Hence,
This proves (8).
Proposition 5.6. The number N (PD 5 , n 1 , m 1 , m 2 , θ) is given by
If L is sufficiently 4-ample, then the section Ψ PD 5 restricted to PD 5 ∩ µ vanishes transversally. Moreover, it does not vanish on PD ∨ 5 ∩ µ. Hence
This proves (10).
Proposition 5.7. The number N (PE 6 , n 1 , m 1 , m 2 , θ) is given by
given by
If the line bundle L is sufficiently 4-ample, then the section Ψ PE 6 vanishes on PE 6 ∩ µ transversally. Moreover, it does not vanish on PD 6 ∩ µ. Hence
This proves (12) .
If the line bundle L is sufficiently 5-ample, then the section Ψ PE 7 vanishes on PE 7 ∩ µ transversally. Moreover, it does not vanish onX
If the line bundle L is sufficiently 5-ample, then the section Ψ PD 6 vanishes on PD 6 ∩ µ transversally. Moreover, it does not vanish on PE 6 ∩ µ. Hence
This proves (16).
Let us now make a small abbreviation: if v ∈ l q and w ∈ T X/l q , we define
). 
where D . If the line bundle L is sufficiently 6-ample, then the section Ψ PD 7 , restricted to PD 7 ∩ µ vanishes transversally. Moreover, the section does not vanish on PE 7 ∩ µ. Hence
This proves (18).
Proposition 5.11. The number N (PA 4 , n 1 , m 1 , m 2 , θ) is given by
. If the line bundle L is sufficiently 5-ample, then the section Ψ PA 4 , restricted to PA 4 ∩ µ vanishes transversally. Moreover, the section does not vanish on PD 4 ∩ µ. Hence
This proves (21).
Proposition 5.12. The number N (PA 5 , n 1 , m 1 , m 2 , θ) is given by
If the line bundle L is sufficiently 6-ample, then the section Ψ PA 5 , restricted to PA 5 vanishes transversally. It is also shown in [1] , that this section vanishes on PD 5 ∩ µ with a multiplicity of 2. Hence
Proposition 5.13. The number N (PA 6 , n 1 , m 1 , m 2 , θ) is given by
given by .
If the line bundle L is sufficiently 7-ample, then the section Ψ PA 6 , restricted to PA 6 vanishes transversally. It is shown in [1] , that this section vanishes on PD 6 ∩ µ and PE 6 ∩ µ with a multiplicity of 4 and 3 respectively. Hence
Proposition 5.14. The number N (PA 7 , n 1 , m 1 , m 2 , 0) is given by
We now define a section of the following bundle .
If the line bundle L is sufficiently 8-ample, then the section Ψ PA 7 , restricted to PA 7 ∩ µ vanishes transversally. It is shown in [1] , that this section vanishes on PD 7 ∩ µ and PE 7 ∩ µ with a multiplicity of 6 and 7 respectively. Assume that it vanishes onX 8 with a multiplicity of η. Hence
Since |X 8 ∩ µ| = 0, we get (30).
Topological computations: two singular points
We will now give a proof of Theorem 1.6. Before that, let us setup some additional notation. Let S 1 and S 2 be two subsets of D × X and T 2 be a subset of D × PT X. Define
Next, if X is a codimension k singularity, we define the following numbers:
Next, if S and T are subsets of D × X and D × PT X respectively, we define
Finally, we define the following two projection maps
where proj 2 denotes the projection onto the second factor. Note that given any bundle over D × X (resp. D × PT X), there is an induced bundle over D × X × X (resp. D × X × PT X) arising from the pullback via π 2 . Similarly, given any section of such a bundle, there is a corresponding section on the pullback bundle, via π 2 . We will encounter the bundles and sections of these bundles that we defined in section 5; we will encounter them over D × X × X or D × X × PT X via the pullback of π 2 .
We will now give a series of formulas to compute N (A 1 A 1 , n 1 , m 1 , m 2 ) and N (A 1 PX, n 1 , m 1 , m 2 , θ). Note that N (A 1 A 1 ) = N (A 1 A 1 , 0, 0, 0) . In order to compute the remaining N (A 1 X) we do the following: if X is anything other than D 4 , then we observe that N (A 1 X) = N (A 1 PX, 0, 0, 0, 0). If
. We are now ready to give a proof of Theorem 1.6. An important notational remark is that in the subsequent proofs we shall use µ to denote a homology class Poincaré dual to an element c
The elements λ θ and y k are unambiguously defined via the appropriate pullbacks. But the class c
2 is understood to arise from the second factor in X × PT X, i.e., if π 2 : D × X × PT X → D × PT X is the projection map defined earlier, then
We will allow ourselves this abuse of notation.
Proof: Let µ be a pseudocycle in D × X × X representing the homology class Poincaré dual to
Note that
We show in [3] and [2] that the sections
are transverse to the zero set (if L is sufficiently 4-ample). Hence
is the contribution of the section π * 2 ψ A 0 ⊕ π * 2 ψ A 1 to the Euler class from ∆A 1 ∩ µ. The lhs of (35), as computed by splitting principle and a case by case check, is
Next, we compute
It is shown in [3] that
It is easy to see that (36), (37) and (38) prove (33).
Proof: Let µ be a pseudocycle in D × X × PT X representing the homology class Poincaré dual to
We show in [3] , that
If L is sufficiently 5-ample, then the section
vanishes on A 1 • PA 2 ∩ µ transversely. Hence, the zeros of the section
restricted to A 1 • PA 2 ∩ µ counted with a sign, is our desired number. In other words
where C ∆Â 3 ∩µ π * 2 Ψ PA 2 is the contribution of the section to the Euler class from ∆Â 3 ∩ µ. Note that π * 2 Ψ PA 2 vanishes only on ∆PA 3 ∩ µ and ∆D #♭ 4 ∩ µ and not on the entire ∆Â 3 ∩ µ. We show in [3] that the contribution from ∆PA 3 ∩ µ and ∆D #♭ 4 ∩ µ are 2 and 3 respectively. Hence 
If L is sufficiently 6-ample, then the section
vanishes transversely on A 1 • PA 3 . We also show in [3] , that the contribution to the Euler class from the points of ∆PA 4 ∩ µ is 2. This section does not vanish on
and by definition it also does not vanish on ∆D
which gives us (40).
If L is sufficiently 7-ample, then the section
vanishes transversely on A 1 • PA 4 . It is easy to see that it does not vanish on A 1 • PD 4 ∩ µ and ∆PD ∨ 5 ∩ µ. We also show in [3] that the contribution of this section to the Euler class from the points of ∆PA 5 ∩ µ is 2. Hence
which gives us (41). 
If L is sufficiently 8-ample, then the section
We also show that this section vanishes on A 1 • PD 5 ∩ µ, ∆PA 6 ∩ µ and ∆PE 6 ∩ µ with a multiplicity of 2, 2 and 5 respectively. Since the dimension of PD 7 is one less than the dimension of [µ] and µ is generic, ∆PD 7 ∩ µ is empty. We also show in [3] that ∆PD s 7 is a subset of ∆PD 7 . Hence ∆PD s 7 ∩ µ is also empty. Hence
which gives us (42).
If L is sufficiently 9-ample, then the section
vanishes transversely on A 1 • PA 6 . We also show that this section vanishes on A 1 • PD 6 ∩ µ, A 1 • PE 6 ∩ µ ∆PA 7 ∩ µ and ∆PE 7 ∩ µ with a multiplicity of 4, 3, 2 and 6 respectively. Since the dimension of PD 8 is one less than the dimension of [µ] and µ is generic, ∆PD 8 ∩ µ is empty. We also show in [3] that ∆PD s 8 is a subset of ∆PD 8 . Hence ∆PD s 8 ∩ µ is also empty. Hence
which gives us (43).
It is easy to see that the section does not vanish on A 1 • PA 4 and ∆PA 5 . We also show that the contribution of the section to the Euler class from the points of
giving us (44). 2 λy δ L −(n 1 +m 1 +2m 2 +6) .
We show in [3] , that 2 λ θ y δ L −(n 1 +m 1 +2m 2 +θ+6) .
vanishes transversely on A 1 • PD 5 . Moreover, it does not vanish on A 1 • PD ∨ 5 ∩ µ by definition. We also show that the the contribution of the section to the Euler class from the points of ∆PD 6 ∩ µ is 2. The section does not vanish on ∆PD ∨s 6 by definition (cf. [3] ). Since µ is generic, the section does not vanish on ∆PD 2 λ θ y δ L −(n 1 +m 1 +2m 2 +θ+7) .
If L is sufficiently 7-ample or 6-ample, then the sections
vanish transversely on A 1 • PD 6 ∩ µ and A 1 • PE 6 ∩ µ respectively. Moreover, they do not vanish on A 1 • PE 6 ∩ µ and A 1 • PD 6 ∩ µ respectively. We also show that the contribution of the sections π * 2 Ψ PD 6 to the Euler class from the points of ∆PD 7 ∩ µ and ∆PE 7 ∩ µ are 2 and 1 respectively. We also show that the contribution of the section π * 2 Ψ PE 6 from the points of ∆PE 7 ∩ µ is 1; moreover it does not vanish on ∆PD 7 ∩ µ. Hence 
